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ABSTRACT

We present a model for baryons based on three constituent quarks using light-front holography
together with basis light-front quantization (BLFQ). The work is generalized from the method
which originally developed for meson systems using a constituent quark and an antiquark. We
construct an effective 3-body Hamiltonian, which consists of a transverse confining interaction
based on the Ads/QCD soft-wall model, and a longitudinal confining interaction which was first
applied to mesons. We employ this model for the proton by calculating its form factor Fy (q2). The
results are compared with experimental measurements and other theoretical methods. We develop
generalized Jacobi coordinates, as well as a generalized longitudinal confinement, that will enable

this model to be generalized to systems with more than three constituent quarks.

www.manharaa.com




CHAPTER 1. LIGHT-FRONT QUANTIZATION

1.1 Background

In classical physics, the physical laws are often stated and studied in the lab frame, which is a
special frame of reference and assumed to be static. Isaac Newton discovered the celebrated “New-
ton’s laws of motion”, which revealed the relation between force and motion. Newton emphasized
the vector aspects of motions and his theory is usually referred as Newtonian mechanics. Under the
same scheme, it was proven that the physical laws are invariant under a group of transformations
called the Galilean transformation group [1].

Later, researchers started to realize that there are equivalent formulations of classical mechanics,
by which physical laws can be stated in terms of scalars. This idea promotes classical mechanics
to another level which is categorized as analytical mechanics. The two most famous and widely
adopted formalisms among them are Lagrangian mechanics and Hamiltonian mechanics, which are
founded and named after Joseph-Louis Lagrange and William Rowan Hamilton, respectively.

Lagrangian mechanics reformulates classical mechanics in distinct ways. In Newtonian mechan-
ics, physical laws are described in certain Cartesian coordinates called Galilean coordinates [1],
while Lagrangian mechanics describes motion by means of the configuration space. The scalar in
which physical laws are encoded is now called the Lagrangian (L), which is a function of coordi-
nates living in configuration space called generalized coordinates and their time derivatives called
generalized velocities (and possibly with time). The equations which describe motion are called
Euler-Lagrange equations of motion.

Hamiltonian mechanics is developed from Lagrangian mechanics, but uses a different mathe-
matical formalism. Instead of configuration space, Hamiltonian mechanics describes motions in
a phase space, employs canonical coordinate pairs to describe motion. Phase space is defined in

terms of pairs of generalized coordinates and momenta that are related though having a Poisson

www.manaraa.com



bracket which is unity. The equations of motion in phase space are differential equations acting on
a scalar called the Hamiltonian (H). The Hamilton’s equations of motion have a built-in symplectic
structure, revealing the natural symplectic structure setting in classical mechanics; it also has great
value for approximation methods in perturbation theory. The two scalars L and H are related by
a Legendre transformation.

Over time, the original formulations of classical mechanics became challenged by increasingly
precise experiments. One of those significant discoveries in the twentieth century occurred when
Galilean symmetry failed to explain the experimental fact that the speed of light “c” is the same
in any frame of reference. In other words, the physical laws are no longer invariant under Galilean
transformations. Although Newtonian mechanics is still powerful and useful since Newton’s laws
hold rather well in the non-relativistic limit where all velocities are small compared to the speed of
light, researchers sought for improved descriptions that work for systems with arbitrary velocities.
Ultimately, Albert Einstein proposed a brand new theory, the well-known theory of relativity. In
his relativity point of view, time and space are merged together into 4-dimensional (4D) space-
time. Many scientists struggled to overcome their classical (Newtonian) instincts to accept the
relativity theory, since it was not straightforward to generalize Newtonian mechanics to a relativistic
theory. However, both the Lagrangian and Hamiltonian formulations were more easily adapted to
a relativistic theory and this led researchers to concentrate their efforts on these formulations.

Another innovation in the same period of time was the birth of quantum mechanics, which aims
to describe the behavior of systems on a microscopic scale. It is a theory that explains experimental
phenomena in terms of probabilities and relates particles to waves by a constant A called reduced
Planck’s constant. Not surprisingly, there are formulations of quantum mechanics adopting the
Lagrangian and the Hamiltonian approaches. The evolution of the system could be described
by Schrodinger equation based on the Hamiltonian approach, or the path integral which adopts
the Lagrangian approach. Quantum systems are usually complicated, hence applications using

perturbation theory based either on the Hamiltonian approach (e.g. time-dependent perturbation
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theory) or the Lagrangian approach (covariant perturbation theory) play a huge role in the theory
of quantum mechanics.

The two theories have been brilliantly coalesced into what is called quantum field theory (QFT)
[2]. Our work is to model the behavior of elementary particles, based on QFT.

We adopt natural units, i.e., ¢ = h = 1 throughout the thesis.

1.2 Lorentz transformation

In relativity, the physical laws are invariant under the Poincaré transformation, which is also
known as the inhomogeneous Lorentz transformation. The Poincaré transformation for the space-

time vector z# = (20, 2!, 2%, 23) = (¢, x) is
o't = Ala¥ + at, (1.1)

where A is the homogeneous part, known as Lorentz transformation matrix, and p,v = 0,1,2,3 are
space-time indices. The index v on the right-hand side of Eq.(1.1) appears in pairs and is summed
over 0 to 3 according to Einstein summation convention. We adopt this convention throughout this
thesis unless otherwise stated. The Lorentz transformation group preserves the Minkowski metric
tensor g, in the sense that

AgAzguv = Gop, (1.2)

where g,,,, is given by

G =g = . (1.3)

Hence one can see the Lorentz transformations form the group L = O(3,1). Meanwhile, the in-
homogeneous part which serves as translations also form a group T = R = R?, and is invariant
under Lorentz transformation (by conjugation). The two subgroups generate the Poincaré transfor-
mation group P and intersect trivially. Therefore, P is a semidirect product of its two components,

written-as-P-=-"T>L.-when there is no ambiguity.
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Quantum mechanics postulates that the system is described by a state, which is a set of equiva-
lence class of nonzero vectors in the Hilbert space over complex number field C where the equivalence
relation is given by scalar multiplication. When there is no ambiguity the state also refers to a unit
representative (a vector with unit norm). The experimental observables are hermitian operators
and the transformation between states is implemented by applying unitary operators. In the matrix
sense, the unitary transformation is always obtained by taking exponential on some anti-hermitian

operators, i.e., observables multiplied by imaginary unit “i”

. The representation of a state ) on a
complete set of basis in the Hilbert space is called the wave function with respect to that basis, and
the basis are usually eigenvectors of some observables of unit length, i.e., they are orthonormal.
The continuous transformation group in a Hilbert space possesses a manifold structure, they are
always Lie groups associated with an underlying Lie algebra which is an vector space closed under
Lie bracket. In the matrix sense, the Lie bracket is matrix commutator. Any set of basis of the Lie
algebra is called a set of generators of the corresponding Lie group.

To study how a transformation acts on a state, sometimes it is easier to study how the underlying
algebra acts on states, then passes the action to the group by their correspondence, which is usually
an exponential map. The overall motivation is that it is equivalent to study the group as well as
the algebra, but it is far easier to study the algebra first then apply results to the group.

The Poincaré transformation group has ten generators, with four from T and six from L. The

algebra generated by them is called Poincaré algebra. They are defined by the commutator relation
[P*,P"] =0
[PH, Maﬁ] — -(guapﬂ _ guﬂpa) (1.4)
(M, MP7] = i(g"7 M — g"" M + g"P M#7 — gh? M),
where P is the 4-momentum operator from T, M are linear combinations of three boost and
three angular momentum over R from L. The semidirect product structure of the Poincaré group
is naturally carried over to the Poincaré algebra, in particular, the subalgebra generated by the

momentum operator P is an abelian algebra of dimension 4, i.e., P are mutually commuting set,

henge-share-common-eigenvectors, P |p') = p* [p*). For a single particle state |¢), by acting on
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P? with it one should get
P?|¢) = p’|¢) =m?|¢), (1.5)

where m is the mass of the particle. This will be the starting point of our model.

1.3 Light-Front Dynamics

Non-relativistic quantum mechanics postulates that, the dynamics of a system is described by

a quantum state [1(t)), which evolves according to the Schrédinger equation

.0 A
iz () = H[p(®)), (1.6)

where H is the Hamiltonian operator of the system, and is quantized at the constant time ft.
However, in relativity, time and space coordinates are placed on an equal footing, which provides

options to quantize the system in different forms and light-front quantization is one of them.

0 0

For any 4-vector v* = (v°,v!,v%,v3) = (10, v), the light-front parametrization is defined as

(wh, o7, vt v?) = (W0 4 03,0 — 030! 0?). (1.7)

In particular, the light-front coordinates and momenta are,

(zt, 27,2t 2%) = (2% + 23,20 — 23, 21, 2?),

(1.8)
(0t e~ ph %) = (0° + %" =%, 0" p°).
In terms of light-front parametrization, (z+,p~), (z=,pT), and (z*,p*) are conjugate pairs (not

canonical though). The metric tensor in the light-front dynamics is,

02 0 0 02 0 0
0 0 0 L, 20 0 o0
uv = 5 gﬂ = 5 (19>
00 -1 0 00 -1 0
00 0 -1 00 0 -1

where p and v take the order of (4, —, 1,2). Notice that the metric tensor is not diagonal as in the
instant form shown in Eq.(1.3) above. The product of two 4-vectors a - b can be written as

1 1
a-b=a'b, = 5a+b— + 5a—b+ —at bt (1.10)
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in the light-front scheme. In particular, the modulus squared of a 4-vector v is \v[Q =vtoT — vi.

Since in the transverse direction, we have a* = —a,, therefore (at)? = a?. For the sake of
convenience in typesetting, we uniformly adopt the subscript for “1” which should also help avoid
confusion.

Similar to the equal-time quantization (or instant form) which is quantized at the regular time
t, the light-front quantization is quantized at the light-front time z*, and evolves according to the

light-front Schrodinger equation [3]

iax‘l lp(at)) = %P— p(@h)), (1.11)

where P~ is the conjugate momentum of the light-front time x+, which serves as light-front Hamil-
tonian. Meanwhile, if the Lagrangian does not depend on the light-front time explicitly, then

Eq.(1.11) is reduced to a time-independent equation

P9y = 5P 1), (112)

where P, is the eigenvalue of the equation. From the standpoint of matrix mechanics, solving this
equation is equivalent to diagonalizing the Hamiltonian matrix; while from the function point of
view, it is equivalent to solving a Sturm-Liouville problem. If the Hamiltonian describes a free
particle, one has the dispersion relation P*P, = M 2. Therefore, in the light-front framework,

_ P+ M?

Py =5 (1.13)

where M is the physical mass of the particle. Different from the equal-time dispersion relation, the
light-front dispersion relation is linear in light-front time and quadratic in the transverse momenta.
With the light-front (LF) Lorentz-invariant Hamiltonian Hpp = PTP~ — P?| the eigenequation

can be written similar to Eq.(1.5) as
Hpp|p) = M?|¢). (1.14)

For the many-body systems, the center of mass momentum is defined as follows,

P =Y "pu, PT=>pl (1.15)
7 %
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It is convenient to introduce the longitudinal momentum fraction and the relative transverse mo-

mentum

o

=5 kii=pi-ziPL (1.16)

Z;

Therefore,
dowmi=1, > ki =0. (1.17)

The many-body invariant mass squared is given by

- kZ +m?
e pepe - pr oy K

i

(1.18)

7

which could be verified by using the sum of the on-energy shell p~ values to define the total P~ in

PP =Pty (kiL + ZJ]}%)Q +m?
: i

T

! K2 4 m? (1.19)
ZZ%+2Z,@LP¢+Z$Z’P£
v i i

%

k2 2
=y
i Li

where the last equality follows Eq.(1.17). Note the momentum is not on the light-front energy shell.
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CHAPTER 2. BLFQ MANY-BODY HAMILTONIAN

2.1 Two-body effective Hamiltonian

Heavy quarkonium is a bound-state system consisting primarily of the heavy quark-antiquark
(¢q) pairs. The term “heavy quarkonium” usually refers to charmonium (c¢) and bottomonium
(bb), since the top quark is too heavy to form a long-lifetime bound state. There are plentiful
experimental results for heavy quarkonia, so it has been a great testing ground for theories and
models [4]. A quarkonium state |¢,) understood to be a superposition of various eigenstates in the

Fock space, namely,

[Yn) = c11qq) + 2 1qqg) + c3|qqqd) + c4 lqdqdg) + - . .. (2.1)

A full treatment of the quarkonium state is therefore complicated. However, heavy quarkonia are
understood to be approximately in a non-relativistic bound state since the quark mass is much larger
than the scale of non-perturbative physics. Thus different non-relativistic calculation schemes are
often adopted: non-relativistic potential models [5], non-relativistic QCD [6], effective field theory
[7], and etc. It is a reasonable conjecture that in the heavy quarkonium, the |¢g) sector dominates
every other sectors in Eq.(2.1). To study heavy quarkonium, one can add the phenomenological
correction terms such as confining potential and Coulomb-like potential to describe interactions.
These treatments, with their parameters adjusted to fit experimental data, work successfully in
describing the masses, decay width and other properties of the heavy quarkonium [8].

There is little difficulty to implement similar ideas to light front and, at the same time, develop
a fully relativistic approach that could be useful for a wider range of systems. As we have obtained
the invariant mass for two-body system, we could add a effective potential on the |¢g) sector to

describe interactions
2 2
pJ_ + mq

S

+ Verr, (2.2)
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where my is the constituent quark mass (taken to be the same as the antiquark mass), z = pq+ /PT
and (1 — x) represent the longitudinal momentum fraction of the quark and antiquark respectively.

The problem amounts to solving the eigenequation on the light front

H |¢n(p, x)) = Mj [Un(p, 2)) . (2.3)

From a phenomenological point of view, we desire the effective potential to include all non-
perturbative dynamics of the theory.

The light-front holography, which is first introduced by Brodsky and de Téramond [9], is fairly
successful in solving the QCD bound-state problems. Among several options, the soft-wall model
was originally designed for the light mesons. In this model, one drops the quark mass in the
light-front kinetic energy term, while adding the transverse confinement. Specifically, the effective
soft-wall (SW) Hamiltonian is given by

i, Pl

How = —= + —+= + g4¢? 2.4
SW $+1—.T+/£CL7 ( )

where x is the confining strength. This effective Hamiltonian is a 2-dimensional (2D) harmonic
oscillator represented by holographic variables | = \/mr 1, and its conjugate momenta
q. =p1/ \/m . Due to the 2D rotational symmetry, the Hamiltonian is degenerate, hence
there are different choices of a complete basis to represent the eigenfunctions based on the specific

strategy of Hamiltonian decomposition. In the soft-wall model, the particular eigenfunctions are

chosen as
_ 47T1‘1! ql ‘ml 2 /B2 :
b)=b O et B = q5 /b L\m| 2 /p2 1m6’ 2.5
umlat) =071 [T () e e (25)
where ¢, = |q1|, # = argq,, n and m are the radial quantum number and angular momentum

projection, respectively. L2(x) is the associated Laguerre polynomial, and b is the energy scale of
the harmonic oscillator. We usually set b = k to match the confining strength according to Ref.

[10] . Therefore the corresponding eigenvalues are
Epn =26 (20 + [m| + 1), (2.6)

withn=20,1,2,..., and m = 0,+1, 2, .... This choice is useful when it comes to identifying meson

states in BLFQ approach [10].
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Inspired by the soft-wall model in light-front holography, Li has incorporated the model within
BLFQ to study heavy quarkonium [10]. In heavy quarkonium, the quark mass can no longer be
omitted. So we bring back the mass terms which was omitted in the soft-wall model. In addition, a
longitudinal confinement potential is introduced, and therefore the longitudinal degree of freedom

is now included. The Hamiltonian then reads

2 2 2 2
P +m pl +mg
Hy = —=* . 44 il_x 714 + (), (2.7)

where m, (mg) is the (anti-) quark mass, V4, is the confining potential in the longitudinal direction.
Particularly, the longitudinal confinement is proposed in the following form,

4

WV, =— Ox(z(1 — 2)0y), (2.8)

(mq 4 mg)?
where 0, = (0/0x)|¢,. There are several advantages to present the longitudinal confinement in

such a way,
e Introduces the longitudinal excitation mode with analytical eigenfunctions;

e In the massless limit, i.e., my < &, the longitudinal excitations has very high energy, in
which case the system tends to remain in the longitudinal ground state mode. Meanwhile the

longitudinal ground state eigenfunction is a constant. Hence it recovers the soft-wall model;

e The obtained longitudinal eigenfunctions resemble the perturbative QCD asymptotic parton

distributions;

e Reduces to z component of the 3-dimensional (3D) harmonic oscillator potential in the non-

relativistic limit.

As the eigenfunction for transverse direction in Eq.(2.5), in the longitudinal direction, we have

iz, 8) = \/477(21+a+ﬁ+1)\/F(1+1)F(1+a+6+1)$§

5 JoB(9r — .
Fl4+a+1)I1+8+1) (1—2)2 ;" (22 —1), (2.9)

where Jf"ﬁ(%: — 1) is the Jacobi polynomial, a = 2mg(m, + mg)/Kk* and 8 = 2mgy(mg + mg) /K>

are-dimensionless.basis.parameters in the model [10].

www.manaraa.com



11

Now the Hamiltonian with longitudinal confinement potential becomes

_pi-i-ngrPi-l-mg k!

o T e
(mq + mg)?

0z (z(1 — 2)0y). (2.10)

T 1—2
Note that Hy is analytically solvable, with the eigenvalues being the mass squared of the bound

states

li4

3
M2, = (mg+mg)? + 26220+ m| +1+ 2) +

. S1(1+1), (2.11)

(mq +mg)

and the eigenfunctions
s (1, 2) = Gan (P1/V/2(1 — 2) )2 (@), (2.12)

This Hamiltonian Hj is often referred as the basis Hamiltonian, while W ;1 is known as the basis
function.

The phenomenological Hamiltonian above provides a first approximation to heavy quarkonium,
it mainly considers the long-distance physics, i.e., confinement. In addition to the given form of
the basis Hamiltonian, an effective interaction which governs the short-range physics by one-gluon

exchange Vj is also introduced [11]. Specifically,

- R (s (K)o By (), (2.13)

where Cr = (N2 — 1)/(2N.) = 4/3 is the color factor for the color singlet state, Q* = —1/2(k’' —

Vg:

k)2 —1/2(k' — k)? is the average 4-momentum squared transferred by the exchanged gluon. ay is
the coupling constant of QCD, which is set as either a constant or an effective running coupling
in practical calculations [10, 12]. Note that this V, term is introduced as an effective potential, so
there is no dynamical gluon involved so far in this scenario, namely the Fock space is still restricted
to |qq), instead of extending to include |¢gg).

In total the overall effective Hamiltonian with confinement and effective interaction for the

meson system reads

Pl +m; K

2 2
pi+m
1 q +K:4cj2__

Heff: +
T 1—=x

Wam (z(1—2)0;) + V. (2.14)
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Now with the V, term, the entire Hamiltonian matrix Heg is no longer self-diagonal within the

given basis. Instead, we solve the eigenvalue equation on the light front

Hegp [¢n) = M? [¢bp) (2.15)

for the bound state by diagonalizing the matrix numerically. By doing so, one obtains the eigen-
values which indicate the spectra as squared masses, and the light-front wave function (LFWF)

expended on the eigenstates of the basis Hamiltonian Hy as
Unjss(Prw) = Y Un(mm,1,5,5)6am (p1/v/2 (T = 2) e (@). (2.16)

n,m,1

The Hamiltonian H.g has been studied and applied to heavy quarkonium. The spectroscopy is
obtained and several hadronic observables are calculated through LEWFs, which provided reason-
able agreement with experiment [10, 13, 14, 15]. In addition, it has also been extensively applied

to other meson systems, such as the heavy-light [12], and light meson systems.

2.2 Jacobi transformation and its inverse

One significant feature of light-front dynamics is that, the intrinsic properties of bound state
only depend on the relative motion of the constituents, which are characterized as the LFWFs.
Therefore it is natural for us to work in the center of mass frame, in which the center of mass
motion is omitted. Jacobi coordinates as well as momenta provide a proper set to work with
because they separate the center of mass motion from the intrinsic motion. These Jacobi variables
also provide a suitable set for defining all operators. The non-relativistic internal kinetic energy
could be decoupled from the center of mass motion by proper choice of Jacobi coordinates. We shall
see that in light-front dynamics, the kinetic energy can also be decoupled, and not surprisingly,
the harmonic oscillator confining terms are also decoupled in such choice of coordinates. We use
the term “Jacobi transformation” to refer the transformation from single particle coordinates and
momenta to Jacobi coordinates and momenta. The variables defined in this section will be used

throughout this thesis.
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In the case of an n-body system, the space coordinate of each particle is labeled as r;. We
assign the weight x;, which is a variable defined to be positive, to the i-th particle for a certain
physical property, for instance the longitudinal momentum fraction as in the previous section, that

satisfies

d =1 (2.17)

Let X, := Y% | 2, then Eq.(2.17) is equivalent to X,, = 1.

Particularly, we define Jacobi coordinates and momenta as follows,

( (
§1=r1—12 a1 = +; (x2p1 — 21p2)
& =« (w171 + mar2) — 73 @ = x; (z3 (P1 + p2) — Xaps)
§i = D hy ThTE — i1 @ =x- ($i+1 > 1 Pk — XipH—l) : (2.18)
I3 _ 1 n—1 _ _ 1 n—1_. X
n—1 = X 7, Zz 1 LiTy — T dn—-1 = X, Tn Zizl D; n—1Pn
| Bi=6n =i i P =g, =31 pi

They could be understood in the following way: the j-th Jacobi coordinate (j < m) is the vector
from the j 4+ 1-st particle to center of mass of the first j particles; j-th momentum can be regarded
as total mass multiplies “relative velocity” between the subsystem formed by the first j particles
and the j + 1-st particle. Note that any permutation of particle assignment gives a different set of
Jacobi coordinates when n > 3.

The Jacobi coordinates and momenta are canonical conjugate pairs
(€8, ¢0) = i040a, (1,5 =1,2,....n; a,b=1,2,3) (2.19)

where ¢, j are particle indices, and a, b are coordinate indices. This could be verified through a

direct calculation: if both particle indices are smaller then n,

iab}?i (Zk 1%, >=0 if i < 7,

€0l =1 0w (£ T ;’“’—(& —XL) 0 X =gy, ifi=j (2.20)
j XZ- .- .
J+1Z %_%Xj+1):0 1fl>~7’
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Figure 2.1 A possible set of Jacobi coordinates for five-body system. The labels on the
blue dots signify the single particle coordinates while arrows presented are the
Jacobi coordinates.

if at least one index equals to n,

iaab(22:1%—1)=0 ifi<n,j=n,
[f?,qj'] =< 104 (%ﬁ chzl Tp — %) =0 ifj<n,i=n, (2.21)
10ab Y i1 Th = 10ap. otherwise.

The Jacobi transformation can be written as vector contraction £ = R-r, ¢ = P - p, where

v=(v1, - ,vp) for v="r & p,q. The transformation matrix R and P are
_ R Y
1 1 = <
1 z2 9 zz  zz3 X2
X2 X2 X3 X3 X3
R= : : , P= : : . (2.22)

1 T2 oo Il g Zn  Tn - Zn  =Xn-1

Xn—l Xn—l Xn—l Xn Xn Xn Xn
T To cee XTpl1 Tn 1 1 cee 1 1
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The following commutator calculated using the transformation matrices gives

[51(17 q;)] = [Rikrga lep?] = lef)jl [Tgvp?]

(2.23)
= 16ap0k1 Rix Pji = 104 Rix Pji = 10ap RPT5,
compare to the commutation relation (2.19),
RPT;; =6;5, RPT=1,=PRT, (2.24)
one can obtain the inverse of Jacobi transformations
r=PT.-¢& p=RT-q. (2.25)

We will use the inverse Jacobi transformation to generalize the two-body Hamiltonian to many-body

in the next section.

2.3 Generalization process

In general, the light-front effective Hamiltonian for the n-body system, treated as n-constituent

particle systems, can be written as

2 2
pLtml I, Ly
H:E:lT+§§:X/;§-)+§§ A (2.26)
i ! RN “igk

The first term is the light-front kinetic energy with the conditions

dopi=0, Y mi=1, (2.27)
i i

because of momentum conservation. The interactions are written in terms of the cluster hierarchy
of the interaction, starting from two-body. In this section we construct a basis Hamiltonian for a
many-body system based on the two-body basis Hamiltonian in Eq.(2.7).

The kinetic energy operator in the n-body sector is

n 2 2
piL tm; 2
T=> Lx—i_PL' (2.28)
=1
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Note that the “pure mass” term y ;- ; mf /x; will be absorbed in the longitudinal confinement and
the remaining part is called reduced kinetic energy
T, =) —& Pt 2.29
L 229
=1
From now on, we shall refer to “reduced kinetic energy” as “kinetic energy.”
The kinetic energy can be written in terms of Jacobi variables as a diagonal quadratic quantity.

Using inverse transformation p = RT - q, the kinetic energy can be written as a vector contraction

no.2
D; — _
D T =pa- X' pa=q. RX'RTqu, (2.30)
=1 ¢
where X = diag(1/z1,...,1/zy), v = (v§, -+ ,0%), v = p,q, a = 1,2 are the transverse compo-

nents. Note that the index a appears doubly thus is summed up. The following observations are
helpful to calculate the matrix element of RX 1 RT: > Rij =0if i <nand Rij/z; = 1/X; if

j <. As for the off-diagonals we may assume [ < m without loss of generality, then

n I+1
1 1
RXTR,, = E :m_iRlszz - X, E Ry; = 0. (2.31)
=1 =1
For the diagonals
n 1 1 1 -
1 — 4+ = ifl<n
RX'R] = E ;RliRli = T X (2.32)
i=1"" Srja=1  ifl=n,

where 1; = ;41 X;/X;4+1 for i = 1,...,n—1. We further define 7,, = 1 and combine Eq.(2.31) with

Eq.(2.32) to obtain

RX'RT = diag(1/m, ..., 1/nn—1,1/m) =Y 7, (2.33)
where Y = diag(n1,...,Mn—1,nn). Therefore the kinetic energy in terms of Jacobi momenta is
n p2 n—1 q2
TTZZQ%—PEZZ ;}%. (2.34)
i=1 " i=1

In the transverse direction, we adopt the pairwise soft-wall confinement, which can be written

in two equivalent forms,

n n
Vi =k Z Tiri| — Ri) =kt Zwixj(ru - TjJ_)za (2.35)
i=1 i<y
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which can also be represented quadratically by Jacobi coordinates. We write V1 as vector contrac-
tion

n
Zwﬂﬁ =74 X 1g =8  PXPT-&,. (2.36)
i=1

From Eq.(2.33) we have
PXPT = (RX 'R =, (2.37)

therefore the potential can be written as

n n—1
Vp = & <Z Tir? — Ri) = Zm 2. (2.38)
i=1 i

Combining Eq.(2.34) and Eq.(2.38), the transverse Hamiltonian reads

n—1 2
Hy=T.+Vpr=>)_ (qz_l + Ky, EL) : (2.39)

i=1 ¢

which consists of n — 1 independent 2D harmonic oscillators.
The generalization of the longitudinal confinement Vi, requires more deliberation. In the two-
body system,
4

Vi = _max (z(1—2)0,). (2.40)

The following treatment is helpful to calculate the longitudinal confinement in the non-relativistic

limit,
0 _ 9 og.

= = (m1 + mz)

O dr  0qi, Ox 0q1.

=1i(m1 +m2)(riz — r2.), (2.41)

since the conjugate coordinate of g1, is (11, — r2.). If we keep everything in the leading order, the
confinement can be written as

K4 m1m2/§4

max (z(1-2)0;) = —2(7"12 - 7‘2z)2 ~ r122(r12 — 7’2z)27 (2.42)

Vi, =—
b (m1 +ma)

which agrees with the harmonic oscillator potential we expected in the z direction. Together with

the transverse potential Vp = z129(r11 — 791 )%, we have recovered the full harmonic oscillator

potential in coordinate space.
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Unfortunately, this can not be generalized to a system of n particle if n > 2 in a straightforward
way: Naively, let 7,5 = x4/(zq + xp) be the relative longitudinal momentum fraction of the pair of

particles a and b, the generalized longitudinal confinement could be

= -rtY W@m (Yab (1 = 7a) Dry)- (2.43)
a#b
But actually it is not well defined. The possible number of pairs of particles is n(n — 1)/2 which is
greater than the degrees of freedom n — 1 if n > 2.
We now proposed a general formalism of longitudinal confinement for many-body system which
can be reduced to harmonic oscillator in z direction. Suppose we have an n-body system, in

addition to the variables related to Jacobi coordinates defined in Chap.(2.2), we define the partial

total constituent mass M; = 22:1 m;, partial total momentum (in z direction) P,; = 22:1172,167

and partial momentum fraction v; = x;4+1/X;+1,(¢ =1,...,n —1). The proposed potential is
n—1 1
V=- ——0~ (v (1 — )0y, ) . 2.44
; X1 i (7 ( i) Or;) ( )

When n = 2, the potentials are the corresponding longitudinal confinement in our two-body model
off by a factor x*/M? where M is the total constituent mass. We will see later in this section that
the coefficient x* /M? is not a coincidence. Note that we employee X; in Eq.(2.44) for convenience,
the real set of free parameters should be ;.

To verify this confinement reduces to harmonic oscillator potential in the non-relativistic limit

in z direction, we first calculate ; in the leading order,

Titl €it+1 + Pzit1 _ Mi1 + Pzt + 0(192)7 (2.45)

X1 S (epy1 + pogr1)  Mit1 + Prin

P =

where the term o(p?) is due to e; = /m? + p? = m; + o(p?). We then drop the higher order term

and expand Eq.(2.45) to the leading order

M1 + Dz 1
i+l TPzl 5— (Mip1miy1 + poiviMiv1 + Poiyimig) +o(pz)
M1+ P, i1 M7 (2.46)
1 )
= m(”h#l + q,z,i) + O(pz)v
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where g, ; is the i-th Jacobi momentum in z direction. Hence we have the relation
Oy = Mi110g; = iMi1& (2.47)

where &; is the i-th Jacobi coordinate in z direction. Note that in the leading order, x; = m;/M,

Xi; = M;/M, v; = mjt1/M;+1. The potential becomes

n—1 n—1 e M
+1
==Y X Oy; (i (L =) Oy;) = Z 1Mi+1€z)2 ]:/[2
=1 il i=1 i+l
o M (2.48)
mi41
— M2 i+ M2 M2 o . i 2.
Z MM@+1 Z & = ; i (rzi = 725)
Multiply V by a factor x*/M? gives the harmonic oscillator in z direction.
Finally, the basis Hamiltonian combining both transverse and longitudinal directions is
n—1 q n e
_ il . il
Ho= 3 (L rtmeh) = 4 Z o RICLORD Diesi R

and we call Hy, = Hyo— Ht the longitudinal Hamiltonian. The eigenfunctions are analytically known,
we will study the case when n = 3 in detail in the next section to gain some insights. Moreover,
our generalization has the capability of assigning particles to different clusters depending on the

physical system we are interested in. Details can be found in Appendix A.

2.4 Three-body effective Hamiltonian

As suggested in the preceding arguments, the desired three-body Hamiltonian is
2

HeffZZ(q;l+f€m£u MQZ (1 =) dy,) +Z—+V

i=1 (2.50)
= Hrt + Hyp, + Vg,

where Ht and Hj, are transverse and longitudinal Hamiltonian respectively and Vj, is the one-gluon
exchange. At the present stage, we do not include the one-gluon exchange term, but instead, we
use a constant to compensate the lack of short distance physics which serves as a correction to
the eigenvalues. Note that the constant term will only shift the eigenvalues but not introduce

changes-to-eigenfunctions:——We drop the constant term for the rest of this section. The basis
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(1 =7)(1 =)

Pt \ - "?{
——— &) N1 =)

i

2

Figure 2.2 Visualization of three-body Jacobi coordinates and longitudinal momentum fraction
represented by relative longitudinal momentum fraction v; = z;41/X;41.

Hamiltonian Hy = Ht + Hy, is separable to transverse and longitudinal directions, therefore finding
the eigenfunction of Hj is equivalent to finding eigenfunctions of Ht and Hry,.

Explicitly, the Jacobi variables for the three-body system reads

T1P21 — T2P11 Tr1T2
q=—— """ &Gu=ra -1, M= :
r3L — Ry
Q21 =psL —a3Py, &1 = 1o, 0 BT z3(z1 + T2).
We define the generalized holographic variables
=T L= ik, (i=1,2). (2.52)
Vi
The transverse Hamiltonian reads
Hr =711 + &'+ 73+ 1G5, (2.53)
which clearly consists of two 2D harmonic oscillators since 7, and ¢; (i = 1,2) are canonical

conjugate pairs. The eigenvalues are the sum of eigenvalues of two 2D harmonic oscillators
Er = 25%(2n1 + |my| + 2ng + |ma| 4 2), (2.54)

and the eigenfunctions in momentum space due to Eq.(2.5) can be written as ¢n,m, (711 ) ®nom, (T2.1)-

To address the longitudinal Hamiltonian

m 1 m m
Hy,=—+ (—2+ ! )
Y2 l—=—m\m 1-m

(2.55)

1
- s [0ntat - w0+ 0 - 0],
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we express the mass term in the kinetic energy as

m m m m 1 m m

N -t (—2+ : ) (2.56)
1 x2  x3 2 1=y \m 1-m

where v; = x;41/X;4+1 are the relative longitudinal momentum transfer. We then rewrite Hi, as

o _m_§+ M2 B KZ4
. Y2 l—m2 (mi+ma+ms

20 (72(1 = 72)0y,), (2.57)

where M? is an operator

2 2 4
_mj my K

M? = -
Mmoo l—=—m  (mi+ma+ms

)2871 (’71(1 - '71)871)' (258)

Here M? shares the same form as the longitudinal confinement in the two-body model from which

the solution of equation M?x(v1) = M7, x¢(71) can be obtained from Eq.(2.9) as

X:(L?’B) (M) = N’yig/2 (1-— 'y1)A/2 Jﬂ’B 2y —1), (2.59)

where N is the normalization constant, A = 2mq(my +ma +m3)/k%, B = 2ma(my +ma +ms3)/x?,

M, is the eigenvalues satisfy

M2 = (my +mp)? 4 — T2 200 4y ! 1 (1 +1) (2.60)
™ ! 2 mi1 + mo + ms ! (m1+m2+m3)2 1 ' )
Now consider a function of the form Xﬁl,B) (71)f(72), on which we act by Hi,

2 M2 I<L4

Lf(’Y2)X11 (71) v —+ 1—v  (m1+ms+ m3)2 Y2 (’72( Y2) 72) X1, (71)f(2)
2 2 4

m3 Mll K (A7B)
= (M8 - 1- .
(72 + 1— (m1 + ma +m3)26'yz (’)’2( ’)’2)872)) f(’YQ)Xll (71)

(2.61)

If we take f(v2) as ngn,/i') (72), where aqq = 2My1(my +mo +m3) /K2, B = 2ms(my +ma+m3) /K>,
we construct the eigenfunction of the overall effective Hamiltonian Heg. One can see the derivation
steps are of a recursion fashion.

Putting everything together, we obtain the the eigenfunctions of H.g

2, T2, Y1) = Pnimy (Tu)ng’B) (71) Pnoms (TzL)XSH’ﬁ) (72)- (2.62)
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where A = 2my(mq+ma+m3)/k%, B = 2ma(mi+ma+ms)/k?, and ay; = 2My1(m1+ma+ms) /K2,

B = 2ms3(mq + ma + m3)/k%. With corresponding mass eigenvalues

Enymymomo 11,10 = (M3 + M1,)® + 26%(2n1 + |my| + 202 + [mg| + 2)

K4

M
_ My tms K2(215 4+ 1) +
my + ma + ms (m1 4+ ma + ms3)

S1a(1a+1). (2.63)

In the next chapter, we will apply this model to nucleons.
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CHAPTER 3. RESULTS AND OUTLOOK

3.1 Mass spectrum

We now investigate the nucleon mass spectrum with the BLFQ approach. In this work, we do not
distinguish the up (u) and down (d) quarks in terms of their masses nor their other distinguishing
features. That is, in the spirit of the AdS/QCD approach, we solve the model introduced here
neglecting spin, color and Pauli statistics. Reflected in the model, that is m; = mo = mz = m.

Therefore, the ground state mass squared of the nucleon is given by

2
2K2 4 2K2 2
Mg = (m + \/zm> +5K% + ( 9 + 27";”2 — 3) r2 + Const, (3.1)

where « is the confining strength of the bound state, demonstrating the interaction between particle

pairs. As k — 0, there is no mass splitting among the states, in which case the nucleon mass becomes
the sum of the three constituent quark masses. We take m, x and the constant as adjustable
parameters for the purpose of fitting the nucleon spectra.

A mass spectrum is shown in Fig. 3.1, where we compared our BLFQ result with AdS/QCD
[9] and the experimental values collected by Particle Data Group (PDG) [16]. We select the states
which have the parity P = +1, spin S = 1/2, and isospin | = 1/2.

In this work, we start with the Hamiltonian without one-gluon exchange interaction. We choose
the states which have even 17 + 1o + N to preserve parity in the functional form, where N =
2n; + |mi| + 2n2 + |mg| is the total excitation in transverse direction. We adopt x = 0.49 GeV as
the confining strength from Ref. [9], and also use m = 0.35 GeV which is obtained from fitting the
elastic form factor (see details in chapter 3.2); finally we adjust the mass shift (the Const. term in
Eq. (3.1) ) to match the mass of the ground states, i.e. the proton. As a result of bringing in the
longitudinal degree of freedom in BLFQ, we have more states than AdS/QCD. So in Table. 3.1 we

only pick those states which are comparable with experiment data obtained from PDG. We expect
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| AdS/QCD | | |
| mra | | L T
| Poa | | Ny
| 1 | 1 | 1 | 1 | 1 | 1 | 1 |
0.6 0.8 1. 1.2 1.4 1.6 1.8 2.
Mass (GeV)

Figure 3.1 Representative spectrum of nucleons. We compare the result of this work
(BLFQ) with Ads/QCD [9] and PDG [16]. The details of parameters we used
for the spectrum are explained in the text.

Table 3.1 Selected mass eigenstates of BLF(Q comparable to PDG. All masses are in GeV.

S P PDG BLFQ
12 + 1/2 0.94 0.94
12 + 1/2 1.44 1.41
12 + 1/2 1.68 1.67
12 + 1/2 1.71 1.72
12 + 1/2 1.72 1.72
12 + 1/2 1.86 1.89
12 + 1/2 1.88 1.89
12 + 1/2 1.90 1.90
12 + 1/2 1.99 1.98
12 + 1/2 2.00 2.01
12 + 1/2 2.40 2.36

that the state density we obtain in the current simplified model to be higher than the experimental

state density. Including the spin and spin-dependent one-gluon exchange interaction should lead

to spreading of our spectrum in this low-mass region and reproduce more reasonable states density

comparing with experiments. Also note that AdS/QCD has degeneracy starting from the first

excitation mode due to rotation symmetry in SW model, which can be seen form Fig. 3.2 where

the first excitation mode is the left end of the central yellow line.

In Fig. 3.2 we reproduce the Regge trajectory generated by AdS/QCD [9], at the same time we

select some representative states comparable with those trajectories. The selecting scheme is the

same as for Fig. 3.1.
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10

Figure 3.2

N(1720)

i N(1680) i
i — AdS/QCD
e BLFQ
+ PDG
1 1 1 1
0 2 3 4
L

Regge trajectory of positive parity spin-half nucleons. The states obtained by

AdS/QCD lies on the lines presented in the graph. Positive parity restricted
the orbital angular momentum L to even number.

We emphasize that due to the lack of spin structure in the current model, we are unable to

produce the states with other spin quantum numbers. There will be more useful results once we

incorporate one-gluon exchange which is known to be important for spin splitting.
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3.2 Elastic form factor at the ground state

The LEWF's provide us the direct access to hadron structures in the light-front framework. One
can compute the experimental observables by simply integrating over the LEWF's with the relevant
operators. Among several observables, the elastic form factor is a fundamental and significant
quantity of great interest. Considering the feature of electric charge, we associate our system with
the proton.

We first study the hadron matrix element of the current operator J* = 1y1p at xz# = 0. It

relates to the electromagnetic form factors F(q?) and F(g?), also known as Dirac and Pauli form

factor, respectively,

i
(Up(P", N)[J*(0) [n (P, A)) = tx (p') [Fl(QQ)V“ + Fz(f)mawfla ux(p), (3.2)
where ¢* = P'™ — PH is the 4-momentum transfer, and ¢ = q"qu, A (X) refers to the he-

licity of the initial (final) state hadron, and M stands for the mass of hadron. For the sake
of convenience, we adopt the “good current”, i.e. p = 4+, and derive the relation within the
Drell-Yan frame, where ¢© = 0 [17]. This indicates the probe photon is carrying 4-momentum
¢ =(q",q7,9.) = (0,—¢*/p*,q.) along the transverse direction. Then the electromagnetic form

factors can be written as

n
<wh(P/7A)‘é]§S)‘wh(Pv /\)> :Fl(q2)7 (3 3)

+ 2 :
{(Yn(P',1)| JQ;E) [ (P, 1)) = —(q1 — iQQ)Fégé)-

These show that F(¢?) and F»(g?) correspond to the helicity-conserving and helicity-flip matrix
element of JT, respectively. Due to the neglect of the one-gluon exchange, there is no information
about the spin structure included in the current form of our Hamiltonian. We presume the helicity
is conserved for the initial and final hadron states by applying the existing wave function. Therefore,

the Dirac form factor Fy(¢?) in the light-front wave function representation is given by [18, 19]

Fi(¢?) = Zzej /H da; d®p;) 6 (1 — Z%) J (Zﬂ%ﬁ.) {Qﬁﬁ*(xiyph)@/@(ﬁfupu)}, (3.4)
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where 9} is the n-body Fock-state wave function with helicity A, ej is the fractional charge of the
struck constituent, and pf, is
P — TiqL if i # j,

ph = (3-5)

p;, — (1 —x;)q, otherwise.

This equation can be understood as the non-flip helicity wave function overlap and it is easily seen
that F1(0) = 1.

In our model, we treat our wave function as spin-independent. By doing this, we eliminate the
helicity part of the wave function. We present our results for the Dirac form factor Fj(q?) at the
ground state in Figs. 3.3-3.4 and compare with various experiments [20, 21, 22, 23, 24]. Details can
be found in Appendix C. Since we carry out the calculation in the Drell-Yan frame and it produces
the form factor in the space-like region (¢? < 0), we employ Q2 = —¢? to illustrate the form factor.
We associate it with the proton Fp, in which we set the parameters to be x = 0.49 GeV,m =
0.35 GeV. k = 0.49 GeV is adopted from Ref. [10]. We use data from different experiments to do
comparisons.

The fitting in Fig. 3.4 shows deviation from experimental data in the larger Q? region. As a
preliminary result without one-gluon exchange, one might naively expect the BLFQ to be lower
than the experiments because by adding one-gluon exchange the wave functions will be flattened,
which will would then cause the overlap to increase in the higher Q? region. We are optimistic that
this issue will be resolved by introducing one-gluon exchange since we would then adjust the quark

mass and the confinement interaction to obtain an overall fit to the charge form factor.

www.manharaa.com




28

1.k ]
0.95F .
g} 0.9; —
A — u i
~ 0850 .
i 2 ]
__ BLFQ ]
0.8 .
- o J.J. Murphy ]
075~ » F.Borkowski ]
i 1 1 1 1 l 1 1 1 I 1 1 1 1 l 1 1 I 1 1 1
0. 0.02 0.04 0.06 0.08 0.1
0*(GeV?)

Figure 3.3  Fy(Q?) in the region 0 GeV?-0.1 GeV? compared with experimental data with
error bars for experimental uncertainties [20, 21].
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Fi(Q?) in the region 0 GeV?-2 GeV? compared with a number of different
experiment data with error bars showing experimental uncertainties [22, 23, 24].

Figure 3.4

www.manharaa.com



29

3.3 One-gluon exchange

A natural improvement to this three-constituent quark model is to account for the effects of
neglecting the |ggqg) Fock space. To do this we would develop an effective interaction, similar to the
one-gluon exchange in mesons, but extended for baryons. Formally, it consists of gluon exchanges

between 3 particle pairs,

Vg = Vgiz + Vigas + Vyau, (3.6)

where Vi;; is the one-gluon exchange potential between particle < and j. Table 3.2 shows an example
of the one-gluon exchange matrix, in which the matrix elements are calculated for the case that
the exchange occurs between particle 1 and 2. For an observable baryon, the color state is singlet,
in which case the a color factor of —4/3 should be applied. Note the results of different pairs are
different due to the fact that assignment order in Jacobi transformation matters even though, they

all can be calculated in a similar manner.
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Table 3.2 The spinor part g (p})vuts, (P1)ts; (Py) 7" ts, (p2) in terms of three-body holo-
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be applied if one wants to do integration due to momentum conservation.
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3.4 Outlook

In this thesis, we developed a generalization of BLFQ based on previous work on the two-
body system. In the phenomenological point of view, our generalization shares similar functional
forms with those two-body systems; on the other hand, we provide initial results of our model and
compare with experimental data.

The BLFQ approach is likely to be better at describing heavy systems than light systems.
Thus a possible way to extent the current work is to test heavy baryon systems. It could also be
extended to higher Fock sectors, for example, the one gluon emission and absorption terms could
be added and numerically diagonalized to split the degeneracy in the transverse direction. There is
no intrinsic difference between the one gluon exchange formalism of mesons and baryons, but the
additional layers of integration and numerical calculations have to be carefully implemented. Once
the full LFWFs has been obtained, this model can be augmented by spin in order to be capable
to calculate many other observables. Symmetrization of this model should be explored, a possible
route is using the inverse Jacobi transformation on LEWF to find wave functions in single particle
coordinates, symmetrize the wave functions then transform back. Another possible route would be
trying other possible coordinate transformations which separate the center of mass kinetic energy,
which has been fully studied in [25]. It is hoped that the convenient basis representations and

confining Hamiltonian presented here will stimulate these additional lines of investigation.
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APPENDIX A. A GENERALIZED JACOBI TRANSFORMATION

We have seen how Jacobi coordinates and momenta are fitted in the framework of BLFQ when
dealing with mesons and baryons. A follow-up question to ask is whether it is possible to generalize
our usage of Jacobi coordinates and momenta in other many-particle systems; if we could, can
we incorporate longitudinal confinement into our framework as well? For example: if we want to
study a system with 2 quarkonium pairs, do we combine those quarks one by one as we have seen
in previous chapters or do we implement the systems of quarkonium pairs; and how we come up
with a appropriate longitudinal confining potential? For solving this issue, and preparing for future
study, we provide one possible generalization. We shall start with a general setup, then dive into
light-front world.

Let’s take a look at the case of 2 quarkonium pairs again to see if we can develop some insight.
We could combine the quarks inside quarkonia pair first then put the quarkonia together. In other
words, we treat the quarkonium as a cluster, then we could use the 2-body Jacobi coordinates and
momenta inside the cluster. Finally, we want to treat those clusters as particles and we want to deal
with those “particles” in the way we have done in 2-body system. This idea leads us to generalize
Jacobi coordinates as follows: we separate the system in different clusters, and those clusters might
contain one or more particles. We find the “local” Jacobi coordinates in each cluster and then we
define “cluster” Jacobi coordinates for different clusters.

We now express this idea in a formal way: suppose we divide an N-body system to n clusters

in which the i-th cluster contains [; particles. It is convenient to define following quantities

e x;;: the “global” weight of j-th particle in i-th cluster,

ey o« _
o Xij =D g1 Tiks Ti = D_j—1 Tijy Xi =D 1 Tk,

e y;;: the “local” weight of j-th particle in i-th cluster, i.e., y;; = x5/,
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T12

Figure A.1 A possible set of generalized Jacobi coordinates for quarkoniums pair, i.e.,
four-body system. The labels on the blue dots signify the single particle coor-
dinates while arrows presented are the generalized Jacobi coordinates.

o Yij=>"1_1 Yik»

I I
o 7 =) 11 YijTijs Pi = D1 Pij-

We construct §;;, j =1,2,...,[; — 1 in the usual manner:
1 Jd
&ij = v Z YikTik — Tij+1, (A1)
Y k=1

where &;;, is defined exactly the same way in the usual Jacobi coordinates sense, i.e., &, = 7;.

Then we define “cluster Jacobi coordinates” R;, i =1,2,...,n—1 as:
1 d
I’?/L' = Z ; TETEe — Tit+1, (A2)
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written explicitly, we have

4
_ o 1 1 e
Ry =71 =72 = 5 Dy T1kT1k — D) YokT2k

1 i 1 i ! liy1
R =+ (Zk:l wkﬁe) —Tit1 = X, (Zs:l > i1 mstrst> = 2Rty Vit L kT4 Lk

(A.3)
1 n—1 1 n—1 ls In
R, ;= X, 1 < k=1 xkrk> —Tn =X, (Zszl Zt:l xstrst> - Zk:l Yn,kTn,k
L R .= Rn = ZZ:l LT = Zi,j TijTig
Similarly, we construct ¢;;, 7 =1,2,...,[; — 1 as:
1 J
q9ij = 5 | Yig+1 Zpik —Yijpij+1 |, (A.4)
Yij k=1
and define “cluster Jacobi momentum” P;, ¢ =1,2,...,n—1 as
1 i
P, = i — X;p; A5
i Xii1 (332+1 ;pk zpz-l-l) ( )
where they satisfy commutation relation
[y, BE) = 0, (€55 P2 = 0. (€, a0n] = 16a60udjm, [R{, PJ) = idapdij- (A.6)

We see indeed {&;;, R} and {g;;, P} are canonical conjugate pairs.
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APPENDIX B. BASIS HAMILTONIAN IN A GENERAL SETTING

The transverse Hamiltonian

p il S
Hr=Tr+ Vp = Z Y —PJQ_ +Iﬁ?4 ZZ;UUT@'QJ'J__Ri (Bl)
i=1 j=1 i=1 j=1

is diagonal quadratic under the generalized Jacobi coordinates and momenta. We rewrite the
reduced kinetic energy Tt as
Tr = i lzl pz?jj_ pu I Z pzl _ p? (B.2)
=1 \j=1 i o
thanks to Eq.(2.33), each fixed ¢ inside the parenthesis is diagonal in its own cluster and the same
reasoning applies to the remaining part. Finally, the potential Vr is also diagonal due to Eq.(2.37).
The longitudinal confinement V7, is defined in a similar manner to Eq.(2.44), let v; = x;4+1/Xi+1,

vij = %ij+1/Xi j+1 be the relative longitudinal momentum transfer of clusters and particles respec-

tively. We construct Vi, as

ZZ X 'Y'LJ ,7@,7 (1 ’71.7 'Yz] + Z X ’Yz ’71 1 - ’71)6 ) . (B3)

i=1 j=1 b+l

Combining Vi, with the mass terms in the light-front kinetic energy gives the longitudinal Hamil-
tonian Hy, which is analytically solvable in a recursive fashion whose steps are elaborated shown
in Chap.(2.4). Together with Ht we will finally obtain a possible BLFQ basis Hamiltonian for any
particle system with any cluster assignment, whose eigenfunctions are analytically solvable. These
analytic solutions can then be treated as basis states into which additional interactions are intro-
duced and symmetrization (resp. antisymmetrization) among identical bosons (resp. fermions) is

managed.
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APPENDIX C. DIRAC FORM FACTOR F(¢?)

The Dirac form factor representation using Eq.(3.4) on our wavefunction is given

N N:
Fi(q) =n / b Y MU MU ()

n2,m2,n2,—ma2

0,1 =1 N1,Na (Cl)

s (G812 (00 ()

where MQITQ/I nN m],w are the Talmi-Moshinsky coefficients which can be obtained analytically [26,

27]. In particular, at the ground state,

1 1 1
- 02/0 /0 VP = 1) A95 (1= ) [Z e; exp {4 - (A% + A?z)}] dyidys, (C.2)

where C'is the normalized constant in terms of the Beta function B(z,y),

1
¢= VBB +LA+DB(B 1,01, +1) (C3)

e; is the fractional charge of constituent quarks, A;; and A;s are the holographic momentum

transfer when the i-th particle (quark) is struck, which are displayed in Table C.1.

Table C.1 The transferred holographic momenta and the momentum squared of the three
constituent quarks.

i Ap | Ap A2 + A2
i =£ o & )2
L 759 | e < T e z))q
=z 1=£ 2
2| il qu ( + i w)) a
31 0 | A ag?

Note that we perform a Jacobi transformation to single-particle momenta in order to obtain the

corresponding momentum transfer in terms of holographic momenta.
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APPENDIX D. JACOBI DIFFERENTIAL EQUATION

The Jacobi polynomial J*?(z) is defined as

JoB () = zinznj (”ZO‘) (Zfi) (@ — )" R (@ 4+ 1)F, (D.1)

k=0

which is the solution of the linear operator

Log=—-0-2)"(1+2)0, ((1-2)*" (1+2)"" 0,)

(D.2)
=(2*-1) 2+ [(a+B+2)z+a— b0,
on the interval [—1, 1] where the eigenvalues are
LopJo? (x) = X3P I3 P (@), AP =n(n+a+p+1). (D.3)

They are orthogonal with respect to the weight (1 — 2)®(1 4 z)5.
In light-front coordinates, the interval in which longitudinal momentum fractions live in is [0, 1].
We perform a transformation

r— 2z —1, (D.4)

thenz+1— 2z, 1 —2 — 2(1 — z) and d, — 9,/2. Hence the Jacobi linear operator becomes

Log=x(x—-1)0+[(a+B+2)x—(B+1)]0,. (D.5)

The longitudinal basis functions are defined as

8
2

xXn? (2) = O(L —2) 22 I3 (w), (D.6)

where C' is the normalization factor. To see the relation between the basis functions and effective

longitudinal potential, we calculate the following in detail,

(1-2)%) g2’ @ —1)) 2 =0, (¢ (1 - 2) 0007 @) = i3 (@)
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The terms by order of derivatives are
Ty=a(x—1) (ﬁ 1- x)%) 92708 (22 — 1),
T =— [am <x§+1 (1— x)%“) Ya(l—2)d, (wé (1 a:)_>] By JB

=—[<§+1+§) (1—x)—<%+1+%)x] (x§(1—x)%)az<]gﬁ(2x—1)

—l(a+B8+2)a—(B+1)] (2 (1-2)7) 0, T3 (20— 1) (D.7)

Ty = —0, <:c (1—2x)0y (mg (1 —x)%)> JP (2 —
:_[B_Ql—x a® oz a B. B

1
N SErRE(RE R (R P

B > B2 af a B 1 /32 a? .8
R

4 4 4\z 1-=z

Combining terms in above equation we obtain

L ) = ~0n (w1 = 2) 93 @)

—Ty+ Ty + Ty
/82 o? a,f o, o’ ’ of o B 2.8
<$+1—x Xat (@) + (AT + +2+2 ' ()

(Z+15 )@ (n5@sm) (n+ ja+ 0 +1) @,

(D.8)

e i

So the n-th eigenfunction to the linear operator —29, (z (1 — z) d;) + (B%/z + o?/(1 — 2)) is

22 28

B el s
(:ﬁ 1- x)?) D (20— 1), (D.9)
with corresponding eigenvalue

(ny+a+B)((n+1y+a+p)=(a+8)*+ (2n+1)(a+ B)y + n(n + 1)y
2 (D.10)

I
D
3
_|_
21
3
_|_

Q
+
=
~
|
=3
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